Abstract. We present the results of magnetic properties and entanglement of the distorted diamond chain model for azurite using pure quantum exchange interactions. The magnetic properties and concurrence as a measure of pairwise thermal entanglement have been studied by means of variational mean-field like treatment based on Gibbs-Bogoliubov inequality. Such a system can be considered as an approximation of the natural material azurite, Cu3(CO3)2(OH)2. For values of exchange parameters, which are taken from experimental results, we study the thermodynamic properties, such as azurite specific heat and magnetic susceptibility. We also have studied the thermal entanglement properties and magnetization plateau of the distorted diamond chain model for azurite.
Introduction
Copper oxide materials as low-dimensional magnetic systems are interesting subjects to investigate because of the new physics that can arise in low temperatures. The natural material azurite Cu 3 (CO 3 ) 2 (OH) 2 is the one of such copper oxide material which has been the subject of debates in recent years [1, 2, 3, 4, 6, 7, 8] .
Moreover, azurite can be considered as one of the first experimental realizations of the 1D distorted (J 1 = J 3 ) diamond chain model (see Figure 1 , for the detailed structure of azurite see for example [2] ). It shows antiferromagnetic behavior at temperatures below Neel temperature 1.9 K [9] . Both the experimental analysis and theoretical modeling have been performed, but there is no clarity about exact values of the relative exchange interactions between azurite's copper ions [1, 2, 3, 4, 6, 7, 8] . On the other hand, there is significant evidence that the magnitude of the exchange interaction J 2 is the greatest one, forming dimers and monomers of Cu-ions [2, 4, 7] . In [2] an effective generalized spin-1/2 diamond chain model has been suggested with a dominant antiferromagnetic Cu-ions of the dimer coupling J 2 , two antiferromagnetic Cu-ions of the dimer-monomer couplings J 1 and J 3 , as well as a significant direct monomer-monomer of Cu-ions J m exchange which explains a broad range of experiments on azurite and resolves the existing controversies.
The most noticeable feature is that there is a large magnetization plateau at 1/3 of the saturation magnetization [4] , which extends from 11 to 30 T , when the magnetic field is applied in the perpendicular to the chain axis. Such 1/3 plateau is usually associated with classiSend offprint requests to: cal up-up-down (uud) type of spin arrangement (or with a quantum state which has a classical analogue), while the 1/3 plateau of azurite is proposed to be of fundamentally different, 00u type, where the dominant J 2 coupling ensures that the two "dimer" spins on the Cu 2 sites (see Figure 1 ) are in a singlet state, while the third "monomer" (Cu 1 ) spin is completely polarized by the magnetic field. This state is based on the presence of a singlet and is a pure quantum nature without a classical analogue. Therefore azurite is the first successful candidate for describing a 1/3 quantum plateau state [10, 11] . Another characteristic feature is that there is almost a direct transition from the plateau of saturation, which may be an interpretation as a remnant of the so-called localized magnon-members present in a perfect chain of diamond [12, 13] .
The phenomenon of magnetization plateau has been studied during the past decade both experimentally and theoretically. The plateau may exist in the magnetization curves of quantum spin systems in the case of a strong magnetic external field at low temperatures. Magnetization plateaus appear in a wide range of models on chains, ladders, hierarchical lattices and theoretically analysed by dynamical, transfer matrix approaches as well as by the exact diagonalization in clusters [14, 15, 16, 17, 18, 19] . In this paper, we obtain the magnetization plateau in 1D diamond chain using variational mean-field like treatment, based on Gibbs-Bogoliubov inequality [20, 21, 22, 23, 24, 25, 26] .
Entanglement [27, 30] has gained renewed interest with the development of quantum information science. Entangled states constitute a valuable resource in quantum information processing [31, 32] for example the predicted capabilities of quantum computers rely on entanglement. Numerous different methods of entanglement measuring have been proposed for its quantification [27] . In this paper we use concurrence [33, 34] as entanglement measure of the spin-1/2 system. Geometrical frustration and thermal entanglement (concurrence) of spin-1/2 Ising-Heisenberg model on a symmetrical diamond chain was studied in [35] . In this paper we study the concurrence of spin-1/2 Heisenberg model on a distorted diamond chain as the approximation of natural mineral azurite.
This paper is organized in the following way. In section 2 the variational mean-field formalism based on the Gibbs-Bogoliubov inequality is applied to the Heisenberg model on the distorted diamond chain. In section 3 we investigate the magnetic properties of the system and compare the obtained results with the experimental data of the magnetization, specific heat and magnetic susceptibility. In section 4 the concurrence of the system is calculated. Some conclusive remarks are given in the last section. where δ 2 = J 1 /J 2 , δ 3 = J 3 /J 2 and δ m = J m /J 2 . Here and further exchange parameters (J 1 , J 2 , J 3 ) and the magnetic field h are taken in Boltzmann constant scaling i.e. Boltzmann constant is set to be k B = 1.
Gibbs-Bogoliubov inequality [20, 21, 22, 23, 24, 25, 26] states that for free energy (Helmholtz potential) of the system we have where H is the real Hamiltonian which describes the system and H 0 is the trial one. F and F 0 are free energies corresponding to H and H 0 respectively and . . . 0 denotes the thermal average over the ensemble defined by H 0 .
By introducing trial Hamiltonian for our model containing unknown variational parameters one can minimize right hand side of Gibbs-Bogoliubov inequality (4) and get the values of those parameters.
We introduce a trial Hamiltonian H 0 as a set of noninteracting clusters of two types in the external self-consistent field: the rectangle and the line (see Figure 2 )
where the indexes of summation ∆ i label different noninteracting clusters and
where λ, λ ′ and γ j , γ ′ j are the variational parameters. The real Hamiltonian (2) can be represented in the following form:
where H (i) has the following form:
Gibbs-Bogoliubov inequality (4) can be rewritten now as follows:
where f (i) = F/N and f
= F 0 /N are free energies of the one cluster (N is number of clusters) and we denote by and m
the magnetisations of ∆ i cluster. Here we take into account that spins of different clusters are statistically independent, i.e. S 
Using this values and the trial Hamiltonian one can calculate the value of any thermodynamical function of our system for the fixed h, J i .
Magnetisation, specific heat and susceptibility
The results of the previous section can be used for investigation of the magnetic properties of the model. The magnetization of arbitrary site m υ of cluster ∆ i is defined as
where S i υ z is corresponding spin operator, H
0 is the Hamiltonian (6) and Z is the corresponding partition function of the cluster. To obtain all six magnetizations (m rameters (10) into the equation (11) and solve the resulting system of equations for the fixed h, J i .
The calculations of our paper is based on the effective diamond chain with values of coupling constants taken from [2] : 
from external magnetic field, calculated from (12) , is shown in Figure 3 . As it can be seen from the Figure 3 the 1/3 magnetisation plateau at T = 1.3K extends from 11 T to 29 T interval, while the experimental data [2,4] gave 11 T − 30 T interval. As it mentioned above, azurite is a good candidate to exhibit 00u type 1/3 plateau state [10, 11] . The plots in Figure 4 illustrate magnetisation versus magnetic field dependencies for different sites obtained using mean-field approach. As it can be seen from the Figure 4 dimers are essentially in the singlet state (dashed lines) whereas the single "monomer" spins are almost fully polarized in the 1/3 plateau (solid lines). The observed polarization is incompatible with a uud type of plateau, in which the dimer spins are strongly polarized. We find that dimer spins are about 2.5% polarized while the numerical calculation for the ideal diamond chain Heisenberg model gives 2.7% polarisation [2] , while experiments give 10% [10] .
The magnetic susceptibility is defined as follows: The magnetic susceptibility measurements of azurite performed in [4] and it was found double-peak-like structure in the magnetic susceptibility curve, namely, in the temperature dependence of the magnetic susceptibilities the sharp peak appears at 5K and the rounded peak is observed at 23K. The Figure 5 shows the temperature dependence of magnetic susceptibility obtained by our calculations using (12) and (14) . It has first sharp peak at 4.4K. Analogous to the magnetic susceptibility, we also have calculated specific heat:
The specific heat measurements for azurite are performed in [4] and a sharp peak is observed at T N = 1.8K signaling an ordering transition and two anomalies have been observed in the specific heat at T = 4K and T = 18K [4, 5] . The first peak is out of reach of a one-dimensional model. Our calculations gave a low-temperature peak for H = 0 at T = 3K and the second peak at 12K (Figure 6 ). The obtained double-peak-like structure of specific heat reproduce the important features of the experimental results [2, 4] . Density functional theory (DFT) [2] also gives the double-peak-like structure for the specific heat. In this paper we have reproduced the important features of the experimental results in the specific heat properties of azurite theoretically.
Concurrence and thermal entanglement
The mean-field like treatment transforms many-body system to the set of clusters in the effective self-consistent magnetic field. This allows to study, in particular, thermal entanglement properties of the system. The entanglement of formation [29, 30] was proposed to quantify the entanglement of a bipartite system. Unfortunately the entanglement of formation extremely difficult to calculate, in general. However, in the special case of two spin 1/2 particles an analytical expression [33, 34] can be obtained for the entanglement of formation of any density matrix of two spin 1/2 particles:
where
and C is the quantity called concurrence [33, 34] . In the case of diamond chain the concurrence C i,j corresponding to the pair (i, j) has the following form:
where λ k are the square roots of the eigenvalues (λ 1 is the maximal one) of the matrix
where ρ ij is the reduced density matrix for (i, j) pair. For rectangle cluster the density matrix is
where Z is the partition function of the rectangle and ψ i and E i are eigenvectors and eigenvalues of the Hamiltonian H (i) 0 (6) respectively. The reduced density matrix of (i, j) pair ρ ij can be calculated as
where φ kl p is the p-th basis vector for (k, l) remaining pair of sites of rectangle. After the calculations it has the following form where u, w, y and v are some functions of variables γ, λ, γ ′ , λ ′ and T . Using (19) , (20) and (23) one can find the following expression for the concurrence C i,j
In Figure 7 is shown the dependence of concurrences
≡ C J1 and C 1,4 ≡ C Jm on the magnetic field. The behavior of the concurrence can be used to analyze spin phases of azurite. As it can be seen from the Figure 7 there is three regions in magnetic field axes with different ground states. For lower value of external magnetic field the opposite spins (S 2 and S 3 ) in diamond cluster is highly entangled. The neighboring spins with lower coupling constant are not entangled. For higher values of h when the magnetization has a plateau the entanglement of (S 1 , S 4 ) pair is almost zero, i. e. practically unentangled, while the (S 2 , S 3 ) pair is almost fully entangled. The concurrence of the neighboring spins on the plateau is small, comparing to (S 2 , S 3 ) pair, moreover the neighboring spins with lower coupling constant (J 3 ) are unentangled. Now, we consider the dependence of the concurrence on temperature. Figure 8 (a) shows the temperature dependence of the concurrence for different pairs of diamond chain at small value of the magnetic field (h = 1T ). The neighboring spins with lower coupling constant (J 3 ) stay unentangled with increasing temperature while the concurrence of the bigger one (J 1 ) decreases with temperature to 4.5K, where the entanglement vanishes. The concurrences of J m pair J 1 behave similar and vanish almost at the same temperature, while the dominant J 2 pair stays entangled at higher temperatures (until 28K). Almost the same behaviour shows the temperature dependence of the concurrence for different pairs of diamond chain at plateau phase h = 18T (Figure 8 (b) ). The concurrences for J m , J 3 and J 1 decrease with temperature and vanish sequential between 4K and 7K while the concurrence for J 2 pair stays entangled for the higher temperatures and vanishes at the same temperature as for small values of magnetic field (28K). As it can be seen from the Figure 7 and 8b in the plateau Figure 6 shows that the C(J 2 ) has a peak at nearly T = 5K and it is located between two peaks of the specific heat. Roughly such a behavior can be understood as follows. As a result of interaction between the horizontal (J m ) and vertical (J 2 ) dimers and also as a result of an asymmetry (J 1 > J 3 ), decreasing of the concurrences (in comparison with non-interacting case) of these dimers at zero temperature is observed. As temperature increases, energy "accumulates" in the horizontal dimer at first and in the vertical dimer later, which causes the double peak structure in the specific heat picture (see Figure 6 ). During the process of "energy accumulation" in the sites of the horizontal dimer (the first peak region) destruction of a quantum correlations between them takes place as a result of thermal fluctuations (so the concurrence C(J m ) is decreasing, see Figure 8 (a)). And also destruction of a quantum correlations between the sites of horizontal dimer and vertical one occurs. As a consequence one can see an increasing of C(J 2 ) from T = 0K to T = 5K (without above mentioned couplings (non-interacting dimers case) C(J 2 ) gets its maximal value equals to 1 in this region). Further temperature increasing brings destruction of the quantum correlations between the sites of the vertical dimer, which is the result of "energy accumulation" on these sites (and as a consequence -decreasing of C(J 2 ) and increasing the specific heat to the second peak). Varying values J 1 , J 2 , J 3 , J m of the coupling constants, brings to analogical picture, except the symmetric case where J 1 = J 3 . In the symmetric case the concurrences C(J 2 ) = C(J m ) = 1 (at zero temperature) and are decreasing with the temperature and as fast as are higher the values of the J 1 = J 3 coupling constants. Closer is the diamond to the symmetric case, worse is the appearance of the peak structure in the C(J 2 ) picture.
Conclusions
In this paper using Heisenberg model the distorted diamond chain was studied as approximation for natural material, azurite Cu 3 (CO 3 ) 2 (OH) 2 . The magnetic properties and concurrence as a measure of pairwise thermal entanglement of the system was studied by means of variational mean-field like treatment based on Gibbs-Bogoliubov inequality. In our approach for the values of exchange parameters taken from theoretical and experimental results we have obtained the 1/3 magnetization plateau with correct critical values of magnetic field, moreover this plateau is caused by 00u type plateau state. We also studied the thermal entanglement properties of the distorted diamond chain and drew a parallel between them and the specific heat ones.
